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The problem of bulk, transition and Knudsen regime diffmion in structures of 
freely overlapping fibers of various orientation distributions was numerically in- 
vestigated, and the interrelation of the resulting effective diffusivities was examined. 
Fibers were randomly positioned and oriented in d = 1, 2, or 3 directions. A Monte 
Carlo simulation scheme was employed to determine the effective diffusivities from 
the mean-square displacement of random walkers traveling in the interior of the 
porous structure. The effective diffusivity was found to depend strongly on the 
orientational distribution of the fibers, porosity of the fibrous structures, and Knud- 
sen number. The tortuosity factor decreased in general with increasing porosity, 
approaching at the limit of dilute beds the lower bound derived for each direction 
of diffusion from variational principles. The simulation results agreed well with 
experimental values of the bulk tortuosity of fibrous beds from the literature. It 
was also found that the reciprocal additivity or harmonic average effective diffusivity 
expression ( Bosanquet formula), commonly used to estimate transition regime dif- 
fusivities from the values at the ordinary and Knudsen diffusion limits, provides an 
excellent approximation for the effective diffusivity of fibrous beds, except for that 
parallel to the fibers of a unidirectional structure. 

Introduction 
Various technological applications of fibrous porous media 

were outlined in our previous studies (Tomadakis and Sotir- 
chos, 1991a,b), where fibrous structures were studied with 
regard to the dependence of their Knudsen diffusivities and 
structural properties on porosity and extent of fiber overlap- 
ping. Fibrous porous media, however, have usually macro- 
porous structure, and as a result, in most applications involving 
them [chemical vapor infiltration, for instance (Sotirchos, 
1991)], diffusion takes place under conditions where the av- 
erage wall-to-wall distance in the pore space is comparable to 
or much larger than the mean free path of the diffusing mol- 
ecules in the fluid phase, even during gaseous diffusion at 
subambient pressures. Therefore, knowledge of the mass trans- 
port behavior of fibrous porous media in the entire diffusion 
regime is needed in general when mathematical models of proc- 
esses that involve mass transport in such structures are devel- 
oped. 

The variation of the effective diffusion coefficient of random 
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fiber structures with the porosity in the transition and bulk 
diffusion regime is numerically studied in detail in this work. 
We consider fiber structures formed by cylindrical fibers dis- 
tributed randomly in d ( d =  1,2, or 3) directions (d-directional, 
random fiber structures): with their axes parallel to a line 
( d =  l), parallel to a plane (d=  2), or oriented randomly in 
the three-dimensional space ( d =  3). Structures with fibers 
grouped into d (d=  1, 2, or 3) bundles of parallel, randomly 
overlapping fibers, with the bundles arranged in mutually per- 
pendicular directions (d-directional, parallel fiber structures), 
are not considered in this study, since in our previous study 
(Tomadakis and Sotirchos, 1991a), it was found that they 
exhibit transport and structural properties identical to those 
of the corresponding d-directional, random fiber structures. 
Our study is based on the use of a molecular simulation pro- 
cedure, utilizing a combination of the mean-square displace- 
ment method with a step-by-step random walk mechanism. 
The method rests on computing the trajectories of a large 
number of random walkers introduced randomly in a finite 
sample (unit cell) of the fiber structure and using them to 
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compute the mean-square displacement of the walkers from 
their initial positions for sufficiently large travel times. The 
effective diffusivity is then found from the mean-square dis- 
placement equation (Einstein, 1926; Kennard, 1938; Chan- 
drasekhar, 1943; Rahman, 1964), appropriately modified to 
account for the presence of the solid phase. 

Analytical and numerical approaches for studying transition 
and continuum regime flows are reviewed by Bird (1976), who 
also discusses a dynamic molecular simulation algorithm, in 
which, in contrast to the method used in our study, the move- 
ments and collisions of thousands of molecules are followed 
simultaneously. However, the computational cost of such an 
explicit approach is prohibitive, if a relatively large region of 
the parametric space of the problem (such as large porosity 
range) is to be investigated. Ordinary regime diffusion can also 
be simulated by employing random walks based on the first 
passage time (FPT) probability distribution (Brown, 1956; Sie- 
gel and Langer, 1986; Zheng and Chiew, 1988; Torquato and 
Kim, 1989; Tassopoulos and Rosner, 1992; Melkote and Jen- 
sen, 1992). Instead of moving the molecule step-by-step in the 
porous medium, such random walks advance it to a random 
point on the surface of a sphere centered at the current position 
of the walker and tangent to the closest solid surface. The time 
corresponding to this movement is sampled from the FPT 
probability distribution or given an average value calculated 
from the radius of the sphere and the diffusivity in the absence 
of the porous medium. 

FPT-based methods can lead to a significant reduction of 
the computational time needed to follow the sojourn of a 
molecule in the interior of a porous medium, but they cannot 
provide explicit information on the frequency of intermolec- 
ular and molecule-wall collisions and the distribution of free 
paths between like and unlike collisions. Moreover, they cannot 
be used to study diffusion in the transition regime; even in the 
ordinary diffusion regime, they must be combined with a dis- 
crete step-by-step random walk in order to account for mol- 
ecule-wall collisions. This necessitates the use of an adjustable 
computational parameter, the thickness of a boundary layer 
around the walls of the porous medium that defines the limits 
of the area where the discrete random walk has to be followed. 
The minimum value of this parameter that does not introduce 
any bias in the simulation results has to be determined carefully 
on the basis of repetitive calculations (Tassopoulos and Rosner, 
1992; Melkote and Jensen, 1992). When an adequately large 
value is assigned to this parameter, FPT-based procedures give 
results identical to those of a discrete random walk technique. 

Past theoretical work on ordinary diffusion in fibrous struc- 
tures has primarily been focused on the derivation of upper 
bounds or approximations to the effective diffusivity using 
variational principles or other analytical methods (Milton, 1981; 
Tsai and Strieder, 1986; Torquato and Beasley, 1986; J o s h  
and Stell, 1986a,b). A numerical study on transition and bulk 
diffusion in fibrous beds was presented by Melkote and Jensen 
(1992), who employed a random walk procedure based on the 
concept of the first passage time to compute the effective 
diffusivity. Melkote and Jensen worked on three-directional 
fiber structures, but, as we will explain in some more detail 
later, their results are not representative of random fiber struc- 
tures and therefore cannot be compared with those predicted 
in this study. 

The results of our computations are used to develop cor- 

relations for the dependence of the tortuosity factor for dif- 
fusion in the ordinary, transition, and Knudsen diffusion regime 
for use in mathematical models of processes involving mass 
transport in porous media of fibrous structure. For the special 
case of ordinary regime diffusion, the numerically computed 
diffusivities are compared with a few experimental data found 
in the literature (Penman, 1940; Currie, 1960; Bateman et al., 
1984). Several expressions are examined for prediction of the 
diffusivity in the transition regime from the values at the two 
extremes of ordinary and Knudsen diffusion. Particular em- 
phasis is placed on the harmonic average or reciprocal addi- 
tivity relationship, proposed by Bosanquet (cited by Pollard 
and Present, 1948) for self-diffusion in cylindrical tubes and 
later transformed, on the basis of some analytical results, into 
an equivalent expression for diffusion in porous media of 
arbitrary structure (Rothfeld, 1963; Spiegler, 1966; Ho and 
Strieder, 1979, 1980; Tokunanga, 1985). The Bosanquet equa- 
tion is the most frequently used expression for effective dif- 
fusivity determination in the transition regime, and it was 
among the basic laws that Evans and Watson (1961) applied 
in the development of their dusty-gas model. Our results show 
that the reciprocal additivity can be used to obtain an excellent 
approximation to the effective diffusivity in the transition re- 
gime from the two extreme diffusivities, for certain directions 
of diffusion in the general case of an anisotropic medium, and 
this is the first time that such a conclusion is presented in the 
literature. 

Method of Construction of the Unit Cell 
It is readily seen that the problem of generating a random 

fiber structure is equivalent to the geometric problem of draw- 
ing random lines in space. When performing molecular sim- 
ulations, however, one has to use a finite unit cell, and thus, 
the problem is further transformed into that of drawing ran- 
dom chords in a cube (for a cubic unit cell) or any convex 
body, in general. Coleman (1969) described various mecha- 
nisms by which randomness of straight line paths (secants) 
through convex bodies can arise. He used the term mean free 
path randomness or p-randomness to characterize the mech- 
anism that gives rise to a secant distribution that is identical 
to that obtained when the convex body is introduced into a 
population of randomly distributed lines. According to this 
mechanism, a secant is defined by a point on a fixed plane 
and its direction with respect to the plane. The point is obtained 
randomly from a uniform distribution, and the direction in- 
dependently, on the basis of a probability measure that is 
reflection invariant with respect to the surface of the convex 
body. This measure, of course, is bounded so that only the 
class of points and directions which define a secant of the body 
is considered. 

The p-randomness mechanism was employed for the con- 
struction of the fibrous structures used in this study. A polar 
coordinate system, located at the trace of each line on the fixed 
plane was used to determine the direction cosines of the line. 
The azimuthal angle was sampled from a uniform distribution 
(between 0 and 27r), and the cosine law was used for deter- 
mining the polar angle, that is, the square of its cosine was 
sampled from a uniform distribution (between 0 and 1). For 
two-directional structures, the azimuthal angle was assigned a 
fixed value for all lines, while for one-directional structures, 
all lines were given the same direction cosines. A detailed 
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description of the construction procedure is given elsewhere 
(Tomadakis, 1993). It should be pointed out that random fiber 
structures that obey the p-randomness mechanism can also be 
constructed by choosing random points on the boundary of 
the unit cell and using them to draw random secants according 
to the cosine law (Burganos and Sotirchos, 1989a). By treating 
the lines as axes of fibers of radius r, a finite sample of a 
structure of freely overlapping, randomly positioned in space 
fibers is obtained. The porosity, E,  surface area, S, and mean 
intercept length, &mean length of the segments of a randomly 
drawn line that lie in the void space-of such a structure are 
given by (Tomadakis and Sotirchos, 1991a): 

~ = e x p ( - r l r ~ ) ;  Sr= -&In€; Z = ~ E / S =  -2r/1n~ (la-c) 

with I being the density of fiber axes, that is, the length of 
lines (fiber axes) per unit volume of porous medium. 

Melkote and Jensen (1992) used an interior radiator mech- 
anism [I-randomness in the terminology of Coleman (1969)l 
to generate finite samples of the fiber structures they used in 
their work. The same construction scheme was also employed 
in their study of Knudsen diffusion in fibrous beds (Melkote 
and Jensen, 1989). According to this scheme, random secants 
are generated in the convex body (unit cell) by choosing random 
points in the interior of the porous medium and drawing lines 
passing through these points in uniformly random directions. 
The structures generated through the I-randomness mechanism 
differ fundamentally from those obtained from the prandom- 
ness mechanism. For instance, the mean length of I-random 
secants in a cube of unit side is 0.896, whereas the correspond- 
ing value for p-random secants is 0.667 (Coleman, 1969). 
Moreover, the density of I-random secants (length of lines per 
unit volume) varies from one point in the convex body to 
another, and as a result, the porous medium obtained by treat- 
ing the secants as fiber axes has spatially varying porosity and 
surface area. 

Meamsquare Displacement Method 
Effective diffusivities in the Knudsen, transition and bulk 

diffusion regimes can be computed from the mean-square dis- 
placement, ([*), of a large number of identical molecules 
introduced randomly in the unit cell for adequately large values 
of travel time, 7. The equation that relates the effective dif- 
fusivity, the travel time, and ( i 2 )  is derived from the expression 
for the displacement probability of the molecules in the me- 
dium, which is in turn derived by solving the diffusion equation 
(Fick's second law) for an instantaneous source of molecules 
at position zero. The resulting expressions (Einstein, 1926; 
Kennard, 1938; Chandrasekhar, 1943; Rahman, 1964) are: 

( 4 ' )  is used to obtain the orientationally averaged effective 
diffusivity, 0, (1/3 of the trace of the effective diffusivity 
tensor), while the mean-square component of the displacement 
in the x,  y, or z direction, or ,>, gives the effective dif- 
fusivities associated with diffusion in these directions. Chan- 
drasekhar (1943) derived the diffusion equations from an 
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DISPLACEMENT IN 2, tz/a 
Figure 1. Molecular displacements in all diffusion re- 

gimes in a unidirectional fiber structure of 
70% porosity with fibers aligned parallel to 
the z direction. 
a is the unit cell size. 

expression for the probability of displacement of a random 
walker, thus providing a direct interpretation of the problem 
of random flights in terms of a diffusion coefficient. 

Figure 1 shows the positions on the xz and yz planes of the 
displacements of 800 molecules that have all traveled exactly 
the same distance, namely 200 cell sides or 10,256 fiber radii, 
in the three regimes of diffusion in a unidirectional fiber struc- 
ture of porosity E = 0.70. Since there are two traces for each 
molecule, on the xz and yz planes, 1,600 points are plotted in 
each of the three cases shown in Figure 1. The Knudsen num- 
ber, Kn, defined as the ratio of the continuum mean free path 
of the molecules, x, to the mean intercept length (a) is used 
to parameterize the diffusion process in the fiber structure. 
For Kn = 0.02 diffusion practically occurs in the ordinary dif- 
fusion regime, while for Kn = 100 molecule-molecule collisions 
are rare, and Knudsen diffusion is the dominant mode of 
diffusion. It is clear from Figure 1 that the effective diffusivity 
increases as we move from the bulk to the Knudsen diffusion 
regime. Another interesting observation is that the diffusivity 
parallel to the fibers-the fibers are aligned parallel to the z 
direction-is much larger than that in the x or y direction, but 
the difference between them appears to decrease as diffusion 
moves closer to the bulk regime. 

The histogram of the distribution of molecular displace- 
ments in they  direction for the bulk diffusion case of Figure 
1 (Kn = 0.02) is shown in Figure 2, and qualitatively similar 
plots are obtained for other directions and regimes of diffusion. 
The distribution of Figure 2 yields mean displacement almost 
equal to zero, as it is expected theoretically, and mean-square 
displacement equal to 0.179. (Note that since this value of 
mean-square displacement is based only on molecules that fall 
in the void space, it has to be multiplied by the porosity before 
it is used in Eq. 2b to compute the effective diffusivity.) The 
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Figure 2. Computed histogram of distribution of mo- 
lecular displacements for the bulk diffusion 
case of Figure 1 (Kn=O.O2) vs. Gaussian dis- 
tribution density (solid curve) obtained from 
the solution of the diffusion equation. 

solid curve of Figure 2 is the Gaussian distribution of dis- 
placements with variance equal to &@/a, which is predicted 
from the solution of the diffusion equation. Very good agree- 
ment is seen to exist between the numerically computed dis- 
tribution and the one predicted from the theory. 

Figure 3 shows the evolution of the mean-square displace- 
ment with the travel distance, for 800 molecules traveling in 
a three-directional fiber structure of 60% porosity. For very 
small travel distance, s, the molecules do not have a chance 
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TRAVEL DISTANCE, s/r 
Figure 3. Variation of the (mean-square displacement1 

travel distance) ratio with the travel distance 
in a 3-d fiber structure for various Knudsen 
numbers. 

a C 

The area shown is 1/25 of the cross 
section of the unit cell: 
a. Kn= 100; b. Kn= 1; c. Kn=O.OZ. 

b 

Figure 4. Projections of molecular trajectories on a cross 
section of the unidirectional fiber structure 
used to obtain Figures 1 and 2. 

to feel the presence of other molecules and walls, and as a 
result, the magnitude of their displacement, I { I ,  is equal to 
s. This is not the case for large travel distances, where other 
molecules and fiber walls obstruct the movement of molecules 
and eventually force ({*)/s to approach a certain value, which 
depends on the diffusion regime (the Knudsen number) and 
the porosity. Equations 16 and 18 will show that for the struc- 
ture used for the computations of Figure 3,  the dimensionless 
travel distance, s / r ,  is approximately equal to four times the 
average number of the molecule's collisions with the solid 
walls. 

Step-by-step Random Walk Procedure 
Molecular trajectories for the three cases of Figure 1 are 

shown in Figure 4. Figure 4a presents part of the trajectory 
of a molecule diffusing in a unidirectional fiber structure in 
the Knudsen diffusion regime. What is actually shown there 
is the projection of the trajectory on a plane perpendicular to 
the fibers and, more specifically, on an area equal to 1/25th 
of a face of the unit cell. Figure 4b presents the equivalent 
projection of a transition regime trajectory, in which the num- 
bers of molecule-wall and intermolecular collisions are of com- 
parable magnitudes. Finally, the corresponding picture for the 
bulk diffusion regime is given in Figure 4c, where intermolec- 
ular collisions are seen to dominate. The molecular trajectories 
of Figure 4 are typical of the molecular trajectories used to 
obtain all results in this study. Next, we will briefly describe 
the discrete random walk procedure employed for the com- 
putations. 

Trajectory computations begin with generating a random 
position from three independent uniform distributions in the 
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unit cubic cell. If the point lies in the solid (in the fibers), a 
new position is generated; if it lies in the void space, it becomes 
the starting position of a molecular trajectory. Random di- 
rection cosines are consequently assigned to the random walker, 
and the position of the next potential intermolecular collision 
is located. This is done by sampling a molecular free path, h, 
from an exponential distribution (Jeans, 1925; Loeb, 1934; 
Kennard, 1938). [Jeans (1925) states that the exponential dis- 
tribution of continuum free paths is strictly valid for gas mol- 
ecules moving with constant velocity. He presents a more 
accurate expression based on the Maxwellian distribution of 
velocities; however, when he evaluates numerically the involved 
integrals, he finds insignificant differences from the exponen- 
tial law (< lolo). Loeb (1934) refers to experimental verifica- 
tions of the exponential distribution law for the free path of 
silver atoms diffusing in air or nitrogen.] Next, it has to be 
checked whether the random walker can indeed travel a dis- 
tance h on the predicted direction without interference from 
a fiber or a boundary of the cell. As long as no such interference 
is encountered, the above procedure is repeatedly applied to 
generate a sequence of intermolecular collisions. 

When one or more fibers are found to lie within the chosen 
free path, the shortest distance from the point of last collision 
to the fibers is used to locate the point of molecule-wall col- 
lision. A new set of direction cosines is then assigned to the 
random walker to account for reflection from the fiber wall. 
Diffuse reflection is assumed to occur since specular reflection 
of gas molecules on a solid surface is highly unrealistic, while 
diffuse reflection has been experimentally verified for engi- 
neering surfaces in contact with gases (Carman, 1956; Bird, 
1976). Having determined the direction of the reflection path, 
one faces the problem of assigning a free path to the molecule 
reflected from the surface. It is assumed that the path distri- 
bution of the reflected molecules is the same as that of the 
molecules reaching the surface. If &(A) is the free path distri- 
bution density of the molecules in the gas phase, it can be 
shown that the distribution of the paths of the molecules from 
the point of their last collision to a surface is given by jr 
Ph(h‘)dA’fi, with being the mean free path. For constant 
free path, PA( h) = 6 (h  - x), this expression gives a uniform 
distribution (between 0 and x), while for an exponential PA@) 
(the form used in our simulations), it predicts that the distri- 
bution of molecular paths from the gas phase to the surface is 
identical to Ph(h). The latter result is equivalent to the well- 
known result in the kinetic theory of gases that the average free 
path of molecules crossing an imaginary stationary plane is 
equal to 2x (Goodman and Wachman, 1976). 

When a random walker reaches a boundary of the unit cell, 
it is reintroduced into the cell by being specularly reflected on 
the boundary. Employing this kind of boundary conditions is 
equivalent to considering the infinite porous medium as an 
assemblage of identical cubic unit cells of side a, arranged in 
such a way that any two neighboring cells are mirror images 
of each other with respect to their common face. Our past 
studies (Tomadakis and Sotirchos, 1991a) showed that this 
boundary condition does not introduce any bias in the com- 
putations. 

Computation of Molecular Trajectories 
The straightforward application of the step-by-step random 

walk algorithm requires large amounts of computational time, 

which for fixed computer resources may limit drastically the 
parameter space that can be investigated. We will describe in 
this section a few modifications of the step-by-step random 
walk algorithm that can lead to dramatic reduction of the time 
needed to compute molecular trajectories. 

Before the computation of molecular trajectories starts, the 
unit cell is discretized by dividing it into K 3  small cubes, and 
K 3  lists of the fibers that intersect these cubes (one list for each 
cube) are generated. K =  10 was used for all the results reported 
in this study. Cross sections of four neighboring small cubes 
for a one-directional fiber structure are shown in Figure 4. 
Discretization of the unit cell leads to considerable reduction- 
by almost two orders of magnitude for K =  10-of the number 
of fibers that have to be checked for interference with each 
molecular path. Moreover, it permits a more accurate esti- 
mation of the porosity of the fibrous structures by allowing 
the use of a very high number of tracing points at a fraction 
of the total computational cost. For instance, it was found 
that random introduction of 5 x lo6 points in the unit cell 
yielded fourth decimal point accuracy in E .  Verlet (1967) and 
Melkote and Jensen (1992) employed an analogous computer 
time-saving scheme by generating closest-particle lists during 
the molecular travel. In their study of diffusion in particle 
deposits, Tassopoulos and Rosner (1992) applied a scheme 
resembling the one employed in this study, but with the small 
cube size being of the order of particle size. 

The decision to use K =  10 in our simulations was based on 
the results of an investigation of the dependence of the com- 
putational time on K. Some of the results are shown in Figure 
5 ,  which presents dimensionless computational time vs. K curves 
for Knudsen diffusion in three-directional beds for various 
porosities, E ,  and fiber densities, NI(number of fibers per unit 
cell). The computational time was rendered dimensionless by 
dividing it with the time needed by the molecules to cover the 
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DISCRETIZATION PARAMETER, K 
Figure 5. Variation of the computational time with the 

ratio of unit cell side to small cube side ( K )  in 
the domain discretization procedure. 
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same travel distance in a nondiscretized domain ( K  = 1). The 
results of Figure 5 show that the effect of domain discretization 
on the computational time decreases with increasing porosity, 
but this is chiefly due to decreasing number of fibers in the 
same direction. The optimum value of K increases with in- 
creasing fiber density and decreasing porosity, but, as shown 
in Figure 5 ,  K =  10 yields computational times very close to 
the optimum value for all porosities. Similar conclusions were 
reached for fiber structures of other directionalities. For the 
three cases shown in Figure 5, the ratio of discretization cell 
size to fiber size varies between 1.5 and 5.5 at the minimum 
computational time. This is an indication that the fiber size 
alone cannot serve as a guide for determining the optimum 
size of discretization cell. 

Further reduction of the computer time requirements of the 
algorithm is achieved by discretizing the molecular path. Spe- 
cifically, the path X, after it is sampled from the exponential 
free path distribution, is cut into pieces of length equal to one 
small cube side or less, and the molecule is advanced sequen- 
tially until it either completes the sampled path or is obstructed 
by a fiber. The molecular path can also be discretized by 
advancing the molecule along the chosen path sequentially 
from one small cube to its neighbor until collision with the 
wall or completion of the path is encountered. The effect of 
path discretization on the computational time becomes stronger 
as diffusion moves toward the Knudsen regime and longer, 
relative to the mean intercept length (d) of the porous medium, 
free paths for continuum diffusion are encountered. 

The bulk diffusion regime is by far the most exacting with 
respect to computational cost, because, for satisfactory sam- 
pling of the pore space, each trajectory must include a large 
number of molecular paths, each of which has to be checked 
for interference with the fibers and boundaries of the cell. The 
computation of molecular trajectories in the bulk diffusion 
regime can be accelerated considerably by using the following 
scheme, previously applied by Tassopoulos and Rosner (1992), 
which exploits the basic idea of FPT-based random walks: at 
the start of a molecule’s travel in the ordinary regime, a sphere 
centered at the starting position and tangent of the closest fiber 
surface is constructed. Since the molecule can reach the surface 
of this sphere for the first time only through intermolecular 
collisions, there is no need to check for collisions with the fiber 
walls as long as the molecule moves within the limits of the 
spherical domain. The spherical inclusion becomes useless when 
the molecule exits its boundaries. A new tangent sphere is 
constructed at the point of the first intermolecular collision 
after the molecule crosses the boundaries of the old inclusion 
for the first time. The spherical inclusion technique can lead 
to dramatic reduction of the time needed to compute molecular 
trajectories in the bulk diffusion regime, but for successful 
application of the overall algorithm, it must be coordinated 
carefully with the domain and path discretization schemes and 
the application of specular boundary conditions. 

Information on the displacements ( [ x , y , o , ,  and [) of each 
molecule from its starting position is acquired for several values 
of travel time (7) along the same trajectory. Using this infor- 
mation, it is possible to study the variation of the slope of the 
mean-square displacement vs. 7 curve with the travel time, and 
this way, determine whether the molecules have been given 
enough time to sample the pore space. Moreover, having mean- 
square displacement data for several values of travel time makes 

it possible to obtain more accurate results by using the average 
of all mean-square displacement vs. 7 slopes that correspond 
to times larger than the minimum time needed to sample the 
pore space to compute the effective diffusivity (see Figure 3). 

Most of the simulation results reported in this study were 
obtained using 1,600 molecules. We made this choice on the 
basis of an investigation of the dependence of the accuracy of 
the simulation results on the number of random walkers (To- 
madakis, 1992). The minimum number of molecule-wall col- 
lisions required for an adequate sampling of the porous 
structure by a random walker was found to be practically 
independent of the diffusion regime, but strongly related to 
the porosity of the structure. A few hundred of such collisions 
were enough at high E ,  but a number of the order of lo5 was 
needed in the vicinity of the percolation threshold of the porous 
structures. In terms of the total number of discrete steps, that 
is, including intermolecular collisions, the requirements are of 
the same order for Kn L 1, but significantly higher for small 
Knudsen numbers because, as we will see later, the ratio of 
the numbers of molecule-wall and molecule-molecule collisions 
is equal to the Knudsen number. These observations are in 
agreement with those made by other researchers. For instance, 
Schwartz and Banavar (1989) reported that up to 300,000 steps 
were required in low-porosity granular samples in the bulk 
diffusion regime, while Tassopoulos and Rosner (1992) re- 
ported a value of 400,000 discrete steps for their simulations 
in the bulk diffusion regime at intermediate porosity values. 

Effective Diffusivities and Tortuosities 
The orientationally averaged effective diffusivity and the 

directional effective diffusivities are used to compute tortuosity 
factors 17 and q(x,y,ors), respectively, using the equations 

The reference diffusivity is chosen as the self-diffusion coef- 
ficient, Dp, of the diffusing species in a cylindrical pore of 
diameter equal to the average pore size of the fibrous structure 
(d) under the same pressure and temperature (the same con- 
tinuum mean free path r;> as in the porous medium. 0, is 
known to follow closely the harmonic average equation pro- 
posed by Bosanquet (Pollard and Present, 1948): 

1 1 1  +- 
Dp Db  DK 
-=- (4) 

obis the bulk self-diffusion coefficient, which for a no-memory 
random walk is given by Db= 1/3& and DK is the Knudsen 
diffusivity in a pore of diameter d: D K =  1/3Za. Introducing 
the expressions for Db and DK in Eq. 4 and using the definition 
of the Knudsen number ( K n = x / d ) ,  Eq. 4 becomes: 

It is obvious from Eq. 5 that the reference diffusivity, 0,. 
becomes equal to Db in the bulk diffusion regime (Kn<< 1) 
and to DK in the Knudsen regime (Kn>> 1). 
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Equation 5 can also be written in the form: 

with 

(7) 

I, as expressed in Eq. 7, was shown by Bosanquet (Pollard and 
Present, 1948) to be the average length of molecular steps 
between successive collisions of any kind for a gas diffusing 
in a cylindrical tube. As we will see later in this study, this is 
true for any porous medium, and therefore, the mean path 
computed from Eq. 7 turns out to be identical to that obtained 
from the simulation results. It follows from Eq. 6 that the 
reference diffusivity Dp can physically be interpreted either as 
the bulk self-diffusion coefficient in a gas of continuum mean 
free path equal to the actual mean free path of the gas in the 
porous medium (I) or as the Knudsen diffusivity of the gas 
in a cylindrical pore of diameter equal to f .  

Bosanquet’s relation for the reciprocal additivity of self- 
diffusion coefficients is frequently used in applications to ob- 
tain estimates of the effective diffusivity in the transition re- 
gime by using the effective bulk and Knudsen diffusivities in 
the place of the single pore values, that is, by writing: 

with j denoting x,  y, or z for the directional diffusivities or 
nothing for the orientationally averaged diffusivity. Using the 
definition of the tortuosity factor (Eq. 3) and Eq. 4, Eq. 8 
yields the following relation for the transition, Knudsen, and 
bulk tortuosities: 

q! + t# Kn 
1 +Kn Tj = (9) 

The results of our simulations will be used to test the validity 
of Eqs. 8 and 9 for diffusion in fibrous beds. 

For diffusion in the molecular diffusion regime, where the 
mean free path is much smaller than the average distance 
between pore walls, analytical estimates of the effective dif- 
fusion coefficients are available in the literature for regular 
arrays of unidirectional fibers. These results can, therefore, 
be used to validate the algorithm used for studying gaseous 
self-diffusion in the transition and bulk regime. Figure 6 com- 
pares estimates of the tortuosity factor for bulk diffusion per- 
pendicularly to a regular square array of fibers obtained using 
our algorithm for bulk and transition regime diffusion with 
analytical results presented by Perrins et al. (1979). Our sim- 
ulation estimates are in excellent agreement with the theoretical 
predictions even though only 200 molecules were used to obtain 
the mean-square displacements on which the computation of 
the tortuosity factors of Figure 6 was based. 

Variation of the Tortuosity with the Knudsen Num- 
ber 

The variation of the tortuosity factor, q ,  with the Knudsen 

Figure 6. Computed bulk tortuosity factor (distinct data 
points) vs. theoretically expected value 
(dashed curve) for diffusion perpendicularly to 
the fibers of a regular square array. 

number, Kn, for a three-directional random fiber structure is 
presented in Figure 7. Results for the highly anisotropic one- 
directional fiber structure are reported in Figure 8. For the 
results in Figures 7 and 8, 415 and 322 fibers were used, re- 
spectively, while for those in other figures, the number of fibers 
varied between 304 and 1,315 depending on the porosity of 
the fiber structure. The results of Figures 7 and 8 suggest that 
the limits of the transition regime extend from about Kn = 0.02 
to Kn = 50, in good agreement with the values reported by 
Tassopoulos and Rosner (1992) for diffusion in anisotropic 

-1 2.6 

3-D Fibers 
~=0.60 

F I 

-:Eq.(9) I 
1 !a,,,l I , 1 1 1 1 1 1 ,  1 , 1,11111 I I,,,,,,, I I,,,,,,, , I ,,,,,,, , , #,J 

KNUDSEN NUMBER, Kn 
0.01 0.1 1 10 100 1000 10000 

Figure 7. Variation of the tortuosity factor with the 
Knudsen number in the 3-d fiber structure for 
c = 0.60. 
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Figure 8. Variation of the tortuosity factors of the uni- 
directional fiber structure with the Knudsen 
number for t = 0.70. 

particulate deposits (0.01 to 50). In view of this result, the 
tortuosity factors for bulk and Knudsen diffusion (dashed 
lines) were determined as the average of all tortuosity factors 
for Kn 5 0.02 and Kn 2 50, respectively. Error bars are given 
for three values of Knudsen number in Figure 7 and Kn = 10 
in Figure 8. Each bar gives the range of values covered by ten 
different estimates of the tortuosity factor, each estimate ob- 
tained using a set of about 800 molecules. With the exception 
of the points where error bars are shown, all other data plotted 
in Figure 7 and 8 represent the results of single runs of 800 
molecules each. The standard deviation of each set of ten 
estimates was found to lie in the range of 2.2-2.5Vo of the 
average value. Similar was the standard deviation of the bulk 
and Knudsen tortuosity estimates at different Knudsen num- 
bers. For instance, the eight values of bulk tortuosity in Figure 
7 (for Kn 5 0.025) have a standard deviation of 3.1070. 

The solid curves in Figures 7 and 8 give the tortuosity pre- 
dicted by Eq. 9 using the numerically determined values of qK 
and tb. Very good agreement is seen to exist between the result 
from Eq. 9 and the numerically estimated tortuosity for dif- 
fusion in isotropic three-directional structures (Figure 7) and 
perpendicularly to unidirectional fibers (Figure 8). This is also 
the case for diffusion in two-directional fibrous structures, 
both for the directional tortuosities and the orientationally 
averaged value. Figure 9 compares the directional tortuosities 
obtained from our simulation data for transition regime dif- 
fusion along the principal axes of diffusion, except for dif- 
fusion parallel to unidirectional fibers, for various 
combinations of porosity and Knudsen number with the tor- 
tuosities predicted from the Bosanquet equation (Eq. 9). Anal- 
ysis of the data of Figure 9 indicated that the absolute value 
of the relative error between the exact (from simulations) and 
predicted (from Eq. 9) tortuosities, I (q,)exact - (7,)~~. 9 I /(Vj)exact, 

had an average value of 2.4% and 2.1% standard deviation, 
which showed no dependence on porosity, Knudsen number, 
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Figure 9. Computed values of the transition regime tor- 

tuosity vs. those predicted by Eq. 9 using bulk 
and Knudsen tortuosities. 

or fiber directionality. The average ratio of (v,)~,, to (qj)cxact 
was found to be equal to 0.9996, indicating the absence of any 
systematic overprediction or underprediction of the transition 
regime tortuosity by Eq. 9. 

Figure 8 shows that for diffusion parallel to unidirectional 
fibers, the reciprocal additivity expression systematically un- 
derpredicts the tortuosity factor (Eq. 9) and, hence, overpre- 
dicts the effective diffusivity (Eq. 8). Specifically, Eq. 9 
underpredicted the tortuosity parallel to the fibers by as much 
as 20% in the vicinity of Kn = 1. The average value of the 
relative error between the exact tortuosity (the result obtained 
from simulations) and the value found from Eq. 9 for all data 
points obtained in this study for this configuration of diffu- 
sional flow was 8.5% with 4.3% standard deviation. The anal- 
ysis of the results for diffusion parallel to the fibers (in the z 
direction) showed that the dependence of the transition regime 
tortuosity on the Knudsen number can be described by Eq. 
10a or, equivalently, 10b in terms of effective diffusivities: 

Linear regression on the data using Eq. 10a [(q, - v$)/($-- I,) 
vs. Kn] gave y=O.62 with 96% correlation coefficient, and 
this value was used to plot the chain-dotted line in Figure 8. 

The fact that the Bosanquet formula (Eq. 8) yields excellent 
approximations for the effective diffusivities of bi- and tri- 
directional fiber structures has very important consequences 
for applications, since it implies that, given the porosity and 
internal surface area of the porous medium, only the bulk and 
Knudsen tortuosity factors are needed to determine the effec- 
tive diffusivity in the transition regime. In view of Eq. lob, 
this claim can also be made for unidirectional fiber structures. 
To the best of our knowledge, this is the first time that the 
validity of the Bosanquet relationship has been demonstrated 
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for a pore structure other than a single pore by independent 
estimation of the bulk, Knudsen, and transition regime dif- 
fusivities. The validity of Eq. 8 suggests that correlations whose 
predictions deviate significantly from those of the Bosanquet 
formula are inappropriate for estimating transition regime tor- 
tuosities in fibrous beds. For example, Wheeler (1955) pro- 
posed to estimate the transition regime diffusivity in a single 
pore from the formula D,=Db(l - e-DK/Dh),  which in terms of 
effective diffusivities becomes De, =Di{l- e-Dg’Di). Using this 
expression and Eq. 8, we find that the ratio of the diffusivity 
predicted by Wheeler’s expression to the harmonic average 
diffusivity is equal to (1 + f ) ( l -  e-”’) withf= Kn ( qK/qb).  This 
ratio is always greater than unity, approaching unity at the 
limits of bulk and Knudsen diffusion and reaching a maximum 
of 1.30 at f=0.56, that is, around Kn = 1 for diffusion in 
fibrous structures. 

Variation of the Tortuosity with the Porosity 
The tortuosity factor in all three regimes of diffusion is 

plotted in Figure 10 as a function of the porosity for the 
isotropic three-directional random fiber structure. Analogous 
results are shown in Figures 11 and 12 for the two-directional 
fiber structure, perpendicularly to the fibers and parallel to 
the plane defined by their directions, respectively, and in Figure 
13 for the highly anisotropic unidirectional fibers. The values 
of the bulk tortuosity factor, qb, were obtained for Kn =0.02, 
while those of the Knudsen tortuosity factor, qK, for Kn = 100. 
The transition regime curve was generated for equal continuum 
mean free path and mean intercept length: Kn = 1. A different 
fiber realization was used for each porosity level in Figures 
10, 11 and 12 and 13. It should be pointed out that at a given 
porosity, the effect of realization on the simulation results 
and, as a result, the scattering in the data decreases from the 
Knudsen to the bulk diffusion regime. In agreement with the 
results presented in our past study on Knudsen diffusion (To- 
madakis and Sotirchos, 1991a), the results for two-directional 
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Figure 10. Variation of the tortuosity factor with the po- 
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Figure 11. Variation of the tortuosity factor with the po- 
rosity for diffusion in bidirectional fiber 
structures, perpendicular to the plane de- 
fined by fiber directions. 

fiber structures were more sensitive toward the realization used 
for diffusion perpendicularly to the fibers. 

The results of Figures 10-12 show, in agreement with those 
of Figures 7 and 8, that the tortuosity factor of two- and three- 
directional fibrous beds increases from the bulk to the Knudsen 
diffusion regime. This is also the case for diffusion perpen- 
dicularly to unidirectional fibers (Figure 13). For diffusion 
parallel to such fibers, the tortuosity factor for bulk diffusion 
is unity at all porosities, while the Knudsen tortuosity is also 

Flow Parallel to 

2-0 Fibers 
A : Knudsen regime (Kn=100.) 
o : Transition regime (Kn=l.) 
o : Ordinary regime (Kn=0.02) 

0 0.2 0.4 0.6 0.8 
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Figure 12. Variation of the tortuosity factor with the po- 
rosity for diffusion in bidirectional fiber 
structures, parallel to the plane defined by 
fiber directions. 
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structures. 

constant and has an average value of 0.54 (see Tomadakis and 
Sotirchos, 1991a). For bulk diffusion in two- and three-direc- 
tional fibrous beds, the tortuosity is larger than unity at all 
porosities, approaching unity at the limit of dilute beds. Shown 
in Figures 10 and 11 are also variational bounds presented by 
Tsai and Strieder (1986) for bulk diffusion in three-directional 
beds and perpendicularly to the fibers of two-directional struc- 
tures: 

Comparison of these bounds with our bulk tortuosity results 
showed that they provide very good approximations to the 
actual tortuosities for ~ > 0 . 6  and ~>0.7 ,  respectively. 

The bulk tortuosities for diffusion perpendicularly to uni- 
directional fibers were in very good agreement for porosities 
higher than about 70% with a lower bound proposed by Milton 
(1981). Milton obtained expressions for upper and lower bounds 
on various transport properties of fiber reinforced materials. 
In terms of the bulk tortuosity of a structure of impervious 
to diffusion fibers, Milton's expressions have the form: 

This result is valid for all directionalities, provided that the 
material is statistically isotropic in the transverse plane. Pa- 
rameter { is a characteristic of the structure and must be cal- 
culated from the three-point correlation function (Milton, 
1981). Torquato and Beasley (1986) expressed { in the form 
of a multidimensional integral involving lower-order n-point 
probability functions and estimated its value for freely over- 
lapping, unidirectional fiber structures of various porosities. 
J o s h  and Stell (1986a) calculated independently the same val- 

ues for 5. They further examined the effect of fiber diameter 
polydispersity on l a n d  found it to be insignificant (Joslin and 
Stell, 1986b). Smith and Torquato (1989) obtained the values 
of {for unidirectional fibers of varying extent of overlapping, 
through Monte Carlo measurements of the n-point probability 
functions that define {. The {values given in the above studies 
were used in Eq. 12 to construct the curve shown in Figure 
13. 

Figure 11 shows that the numerically computed bulk tor- 
tuosities for two-directional structures, perpendicularly to the 
fibers, are in very good agreement with two experimental data 
points by Bateman et al. (1984) and Penman (1940). Bateman 
et al. measured the bulk diffusivity of NO through various 
porous substrates and expressed their results as tortuosity fac- 
tors. They used track-etched polycarbonate substrates having 
uniform cylindrical pores (for which qb = 1) to validate their 
experimental results. The point shown in Figure 11 (qb = 1.5) 
was obtained for diffusion perpendicularly to the fibers of a 
cellulosic filter, a two-directional fibrous structure, with po- 
rosity c = 0.65. Penman (1940) determined the bulk tortuosity 
of many porous solids, mostly sands, from steady-state dif- 
fusion experiments using carbon disulfide and acetone vapor. 
He also studied a steel wool sample of 93% porosity, for which 
he obtained qb = 1.14 perpendicularly to the fibers, and this is 
the result plotted in Figure 11. It must be pointed out that 
Currie (1960a,b) applied nonsteady-state diffusion measure- 
ments to obtain diffusivity values for a variety of porous ma- 
terials, including samples of fiber glass. His data are limited 
to very dilute beds (E > 0.95) and correspond to bulk tortuosity 
values that are 13-16% higher than those determined in our 
work. It is possible that these differences are due to the several 
difficulties encountered in the interpretation of unsteady-state 
diffusion-cell data (Burghardt et al., 1988; Sotirchos, 1992). 

All bulk tortuosity curves from Figures 10 to 13 are sum- 
marized in Figure 14. These results can be used for the esti- 
mation of other transport properties (such as thermal and 
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Figure 14. Tortuosities in the bulk diffusion regime for 
all directionalities. 
The dashed curves are obtained from Eq. 13 using the parameters 
of Table 1. 
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electrical conductivity) of composite media consisting of non- 
conducting fibers embedded in a conducting matrix. Figure 14 
shows that in two-directional structures the tortuosity factor 
is smaller-and the effective diffusivity is larger-parallel to 
the fibers. This is also true for the Knudsen diffusivity (com- 
pare Figures I 1  and 12), but the difference between the results 
for the two directions is larger, indicating that the degree of 
anisotropy of two-directional structures decreases from the 
Knudsen to the bulk diffusion regime. This observation also 
holds for structures of unidirectional fibers, in agreement with 
the results of Figure 1 ,  which suggest, that the ellipticity of 
the distribution of molecular displacements decreases as we 
move away from the Knudsen regime. 

Like in our past studies (Tomadakis and Sotirchos, 1991a,b), 
an effort was made to obtain a simple one-parameter corre- 
lation for the dependence of bulk tortuosity on medium po- 
rosity. The simulation results were fitted into the equation: 

The percolation thresholds, E,,, of all structures were calculated 
in our previous study (Tomadakis and Sotirchos, 1991a) and 
are listed in Table 1 ,  which also gives a! for each directionality 
and diffusion direction. These values were determined through 
nonlinear regression for c0 = 1, and therefore, $ ( E ~ )  = 1 for all 
cases. For bulk diffusion in a three-directional structure or 
parallel to the fiber mat of a two-directional structure, the 
parameters of Table 1 do not yield satisfactory results for 
E < 0.4. For this porosity region, better results are obtained 
using Eq. 13 with e0 = 0.4, a! = 0.872 for the 2-d structure, and 
a! = 0.965 for the 3-d structure, with rljb(0.4) computed from 
Eq. 13 and Table 1 .  The tortuosity vs. porosity curves that are 
predicted by Eq. 13 are represented in Figure 14 by dashed 
lines. Correlation coefficients varying from 98.9 to 99.9% were 
obtained for all curves plotted in the figure. It should be pointed 
out that Eq. 13 may be viewed as a generalization of Archie's 
law [vb = E - ~ ,  Archie (1942)l for a porous medium having finite 
percolation threshold. 

Molecular Free Paths and Collision Frequencies 
The numbers C, of intermolecular and C, of molecule-wall 

collisions are stored during the simulation, and they are used 
to compute the overall mean free path, 1, from the equation: 

- SN I=- 
C m  + c w  (14) 

where N is the total number of random walkers and s the travel 
distance covered by each of them. We also keep track of where 

Table 1. Parameters Used in Eq. 13 

Direction of Diffusional Flow EP a! 

Parallel to the Fibers 0 0 
Perpendicular to the Fibers 0.33 0.707 
Parallel to the Fiber Planes 0.11 0.521 

2-D PerDendicular to the Fiber Planes 0.1 1 0.785 

3-D All Directions 0.037 0.661 

each path (step) in each molecular trajectory originates or ends 
(in the void space or on the solid surface), and this information 
is used to compute the average paths I,,, I,,, I,,, and I,,, 
denoting, respectively, lengths of paths from wall to wall, 
molecule to molecule, wall to molecule, and molecule to wall. 
In his study of energy deposition by neutrons in spherical 
cavities, Caswell (1966) refers to these paths as crossers, in- 
siders, starters, and stoppers, respectively. Obviously, in the 
Knudsen diffusion regime (Kn- O J )  practically all paths are 
crossers distributed according to the p-randomness distribution 
density, while in the bulk regime nearly all paths are insiders 
having the distribution density of continuum diffusion free 
paths. Expressions for the path distribution densities in the 
transition regime may be derived by using a result relating the 
densities of p- and I-random secants. 

Let P,(d) be the distribution density of p-random secants 
in a porous medium and Ph(A) be the distribution density of 
free paths for continuum diffusion. Kingman (1965) showed 
that in a convex body the distribution density of I-random 
secants of length d is proportional to dP,(d). This result is 
valid for nonconvex domains as well-the procedure used by 
Coleman (1969) to prove it for convex domains can be extended 
to cover nonconvex bodies-and therefore, it applies to the 
pore space of a porous medium. It can be shown using King- 
man's result (Kellerer, 1971) that the density of half I-random 
secants, that is, from the randomly chosen point to the bound- 
ary of the domain, is given by s; P,(x)dx/J. We mentioned 
during the discussion of the random walk procedure that the 
distribution density of lengths of paths for molecules leaving 
a plane after a diffuse reflection is taken the same as that of 
molecules reaching the plane, being given by PA(x)dx/i. 
Assuming independence of the events of molecule-molecule 
and molecule-wall collisions, the above results may be used to 
show that the distribution density of paths of any type during 
diffusion in the transition regime in a porous medium is given 
by: 

- - _  

1 r  

+PA(I)~/m~/~P~(x)dxdl'+2 

Equation 15 is identical to an equation derived by Kellerer 
(1971) for the density of track segments lying in a convex body 
exposed to random tracks with distribution density PA@). The 
three terms in the righthand side of Eq. 15 represent the con- 
tributions of crossers ( lWw),  insiders ( I,,), starters and stop- 
pers ( I w m  and I,,), respectively, the contributions of starters 
and stoppers being the same. 

Equation 15 may be used to derive several general relations 
for transition regime diffusion by a random walk mechanism 
in porous media of arbitrary structure. By multiplying Eq. 15 
by I and integrating, it is found that the mean free path during 
transition regime diffusion (1) is related to the mean free paths 
during Knudsen and bulk diffusion (3 and x) by Eq. 7: 

no matter what the form of P,(d) and &(A) is. Another 
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interesting result obtained from Eq. 15 is that the ratio of the 
number of molecule-wall to the number of molecule-molecule 
collisions, CJC,,,, is equal to the Knudsen number: 

Combining Eq. 16 with the definition of 7 (Eq. 14) and Eq. 7 
leads to the equally interesting results: 

The last two equations state that for all Knudsen numbers the 
average distance traveled between two intermolecular collisions 
is always equal to the continuum mean free path, X, while the 
corresponding average distance traveled between two molecule- 
wall collisions is always equal to the mean intercept length, d, 
of the structure. Using Eq. lc and the definition of Knudsen 
number, Eqs. 14 and 7 may be combined to obtain an equation 
that relates the total number of steps or collisions per random 
walker to the dimensionless travel distance and the porosity: 

Using this equation, the results of Figure 3 or of other similar 
figures can be used to determine the minimum number of 
collisions or steps needed to obtain accurate diffusivity meas- 
urements. 

For a convex body exposed to random tracks of finite length, 
Kellerer (1971) used the total track length in the body and the 
number of terminal points of tracks to prove Eq. 7. Bosanquet 
based the derivation of Eq. 7 for gas self-diffusion in a cylin- 
drical tube on the additivity of the frequencies of the two types 
of collisions (Pollard and Present, 1948) and used this result 
to postulate the harmonic average expression for transition 
regime diffusion in a cylindrical tube. Equation 7 is usually 
presented in the literature as valid for random scattering caused 
by collisions of two different types with exponential path den- 
sities between collisions of the same type (such as wall to wall 
or molecule to molecule in the case of diffusion). For this 
special case, the derivation of Eq. 7 is straightforward, since 
the overall collision probability is exponential with decay length 
given by Eq. 7. Such a derivation of Eq. 7 has been presented, 
among others, by Tokunanga (1985) for diffusion in a porous 
medium and by Wert and Thomson (1970) for electron scat- 
tering due to phonon collisions and impurity scattering. 

Equations 7 and 16 were used to test the procedure applied 
for the computation of molecular trajectories in our simula- 
tions, and typical results are shown in Figures 15 and 16. The 
distinct data points of Figure 15 represent numerically com- 
puted values of the ratio of overall to continuum mean free 
path ( j / x )  for two structures and at various Knudsen numbers, 
while the solid curve gives the values predicted by Eq. 7. Figure 
16, on the other hand, compares the collision frequency ratios 
measured during trajectory computations for the same struc- 
tures and Knudsen number values as in Figure 15 with the 
values predicted by Eq. 16 (straight line). Excellent agreement 
is Seen to exist between the numerical results and the theoret- 
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free path ratio with the Knudsen number. 
Figure 15. Variation of the overall to continuum mean 

ically expected values in both figures. In their study of tran- 
sition and bulk diffusion in fibrous beds, Melkote and Jensen 
(1992) reported values of the overall free path to continuum 
free path ratios measured in their simulations which deviate 
from that given by Eq. 7 by as much as 14%. This suggests 
the existence of some problems in their trajectory computa- 
tions, since Eq. 7 holds rigorously for any porous medium. 

For structures of randomly overlapping fibers, it is possible 
to obtain analytical expressions for the distribution density of 
p-random secants. Working along the lines of the procedure 
followed by Faley and Strieder (1987, 1988) to derive upper 
bounds on the effective Knudsen diffusivities in random fiber 
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Figure 16. Variation of the ratio of molecule-wall to in- 

termolecular collision frequencies with the 
Knudsen number. 
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beds, one can show that the following equations give the density 
of prandom secants in fiber structures: 

One-directional: 

(19) 
4d 4 */2 

P$(d) =-Jo rd exp( -,sin@)sin’pdB 

Two-directional: 

T 12 

P,( d) = dF2 6, exp[ - FdE(sin2 @)]EZ(sinz @)sin pd@; (20a) 

Three-directional: 

P,(d) =$exp( -3 
E(sin2/3) in Eq. 20 is the com lete elli tic integral of the second 
kind: E(sinz 6) = d a d o .  

The path distribution densities given by Eqs. 19-21 are plot- 
ted in Figure 17, where they are compared with the numerically 
computed distribution densities from various simulation runs. 
6.3 x lo6 paths (for 11 different porosities) were used for the 
numerical construction of the path distribution density in three- 
directional structures, 6 x lo5 (for one porosity value) for 
two-directional structures, and 5 x lo6 (for 11 porosities) for 
one-directional structures. As in the case of Figures 15 and 16, 
excellent agreement is observed between theory and simulation. 
A comparison of the predictions of Eqs. 19-21 shows-it is 
difficult to discern this from Figure 17-that the path densities 
of the anisotropic uni- and bidirectional structures are larger 

than those of the isotropic tridirectional bed in the regions of 
small and large path values, while the opposite relation obtains 
in the intermediate region. The relative differences among the 
distribution densities for different directionalities are very small 
for d / z <  5 ,  and for two- and three-directional fiber structures, 
this is true for all path values. The path density of one-direc- 
tional structures deviates significantly from the densities of the 
other two directionalities for large path values, since paths 
forming small angles with unidirectional fibers have low prob- 
ability to be intercepted at a small distance from the origin. 

The results of Eqs. 19-21 may be introduced in Eq. 15, along 
with the exponential distribution of continuum diffusion free 
paths, to obtain results for the average lengths and relative 
populations of different kinds of paths during transition regime 
diffusion. For the case of an exponential distribution of p- 
random paths (Eq. 21), Eq. 15 (the three terms in its righthand 
side) offers that all kinds of free paths have exponential dis- 
tribution densities of the same average length (7): 

Moreover, for the total populations of the various kinds of 
free paths, pw,, pmm, pwm, and pmW, the above substitutions 
give: 

Of course, we always havepWm/pmw = 1 irrespective of the forms 
of P,(d) and PA@). All the above relations were found to be 
exactly satisfied by the results for three-directional structures. 
They were also valid for all practical purposes for two-direc- 
tional structures, a behavior that should not surprise us con- 
sidering that the secant density function of these structures 
does not differ significantly from the exponential form. Larger 
differences were observed for the highly anisotropic one-di- 
rectional structures, but even in this case they rarely exceeded 
5%. 

s 
6 
Q 

DIM/LESS INTERCEPT LENGTH, d/d 
Figure 17. Distributions of intercept lengths in random 

fiber structures for all directionalities. 

Results for Biased Random Walks and Constant 
Free Path 

It is obvious that all results presented thus far were obtained 
from no-memory random walks, since all directions were as- 
sumed equally probable for the molecule’s path following an 
intermolecular collision. However, it is the direction of the 
two molecules’ relative velocity vector after a collision that is 
uniformly random (Jeans, 1925; Kennard, 1938; Bird, 1976). 
Some persistence of velocities is always encountered: there is 
a moderate tendency for a succeeding path to favor the di- 
rection of the preceding one. In his analysis of self-diffusion 
of spherical molecules, Jeans (1925) showed that the self-dif- 
fusion coefficient is approximately given by@ = 0.561xE when 
persistence of velocities is considered. He further showed that 
accounting for the different mean free paths of steps of dif- 
ferent velocities leads to ob=0.59O%j. A similar result was 
- obtained by Chapman and Cowling (1970) [ob=(3~/16) 
h3= 0.589Aa, again for rigid elastic spheres, through a dif- 
ferent procedure. As mentioned earlier during the discussion 
of the formulas used to define tortuosity factors, a no-memory 
random walk yields ob= (1/3$E, that is, a value smaller by 
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almost a factor of 2 than that obtained when persistence of 
velocities is taken into account. Because of this difference, it 
is necessary that we address the question of whether the results 
and conclusions presented thus far are valid only for the ideal- 
ized case of a no-memory random walk and are thus not ap- 
plicable to real gases diffusing in fibrous beds. 

To obtain an answer to this question, we computed self- 
diffusion coefficients for diffusion in the gas phase and in the 
fiber beds by introducing some arbitrary persistence of veloc- 
ities bias into the random walk procedure. Specifically, we 
bounded the minor angle w formed by the vectors that represent 
the velocities of a molecule before and after an intermolecular 
collision between 0 and amax. It can be shown that the dimen- 
sionless self-diffusion coefficient in the gas phase, D i / ( x Z ) ,  
is given. In agreement with the analysis of Jeans (1925), this 
expression predicts that the diffusion coefficient increases as 
the maximum angle is decreased and movement in the general 
direction followed by the molecule before collision is favored. 
Introduction in Eq. 8 of the bulk and transition regime dif- 
fusivities for each value of wmax and of the Knudsen diffu- 
sivity-obviously, the Knudsen diffusivity is not influenced by 
the direction of the molecules after an intermolecular colli- 
sion-led to the same conclusion as in the case of unbiased 
random walks. That is, Eq. 8 was again obeyed by all direc- 
tional diffusivities with the exception of that parallel to uni- 
directional fibers. 

The bulk tortuosities that are extracted from the bulk ef- 
fective diffusivities using Eq. 3 and the o", self-diffusion coef- 
ficients as reference values (0,) were identical to those obtained 
for unbiased random walks for all omax values. Moreover, when 
the o", self-diffusion coefficients were used in Eq. 4 instead 
of Db = 1/3% to find the reference diffusivity Dp, the estimated 
tortuosity factors from Eq. 3b were found to obey Eq. 9 with 
the definition of Knudsen number now generalized to 
K n = D i / D K  ( =x/z for an unbiased random walk, that is, 
w,, = 180"). For this definition of Kn, the diffusivities parallel 
to the fibers of a one-directional structure and the correspond- 
ing tortuosities satisfied the same relationships as those for 
unbiased walks, namely, Eqs. 10a and lob, for the same value 
of y. Even though they cannot be interpreted as a proof, the 
above results offer a strong indication that the bulk tortuosities 
extracted from unbiased random walk simulations (Figures 6- 
8 and 10-14) and the conclusions on the validity of the Bos- 
anquet relationship will be valid even when a more realistic 
diffusion scheme is considered for the gas phase. It must be 
pointed out that the various results presented earlier on col- 
lision frequencies and free paths during unbiased random walks 
were found to be valid for biased random walks also. 

From the analysis of random walks of constant step (for 
example, see Kennard, 1938), it is found that the mean-square 
displacement of a random walker moving with constant step 
h is, for the same total travel distance, half of that of random 
walkers moving with an exponential distribution of steps of 
mean x. It follows from Eq. 2 that to obtain the correct self- 
diffusion coefficient of a gas from a random walk of constant 
step, one must employ steps equal to 2x, with x being the mean 
free path for an exponential distribution. The effects of using 
constant free path on the estimated effective diffusivities of 
fibrous beds in the transition and bulk diffusion regime were 
investigated in detail by carrying out simulation runs for var- 
ious porosity and Knudsen number values. It was found that 

- 

setting the path between intermolecular collisions equal to 2x 
yields the same diffusivity values as an exponential distribution 
of paths in the bulk diffusion regime, but it fails to do so in 
the transition regime. In general, the transition regime dif- 
fusivities for Ph(X)  = 6(X - 2x) were larger than those for 

= exp( - A/x)/x. This is most probably due to the fact 
that the ratio of the number of molecule-wall to that of in- 
termolecular collisions for 2x constant path is two times larger 
than that for an exponential distribution of mean 1 (see Eq. 
16). The collision frequencies and average free paths that we 
computed from constant path simulations satisfied exactly the 
various general relationships that we derived earlier. 

Summary and Conclusions 
The problem of mass transport of gases by diffusion in 

structures of freely overlapping fibers of various orientation 
distributions has been investigated in detail. Fibrous beds con- 
sisting of unidirectional fibers, fibers randomly distributed 
parallel to a plane (bidirectional), or fibers oriented randomly 
in all directions (tridirectional) were considered. Effective dif- 
fusion coefficients were calculated using a simulation method 
based on the computation of the mean-square displacement 
of random walkers (molecules) moving in the pore space of 
the fibrous beds. A finite cell was employed in the simulations, 
but results representative of the infinite porous medium were 
obtained by imposing appropriate boundary conditions on the 
faces of the finite sample. The results from the molecular 
trajectory computations were used not only for the compu- 
tation of the mean-square displacement but also for the de- 
termination of the frequencies of intermolecular and molecule- 
wall collisions and of the distribution densities of paths between 
collisions of the same or different type. These results were used 
to validate the simulation algorithm. 

The transition diffusion regime was found to extend over 
the Knudsen number range of approximately 0.02 to 50. The 
effective diffusivities and, hence, tortuosities in all diffusion 
regimes were found to depend strongly on the directionality 
of the fiber structures at low and intermediate values of the 
porosity. The tortuosity factor diverged to infinity at the per- 
colation threshold of each fiber bed, that is, at the porosity 
level below which the pore space of the medium exists in the 
form of finite disconnected regions. In the upper part of the 
porosity range (typically E > 70%), the computed values of bulk 
tortuosity were in good agreement with lower bounds of the 
literature (Milton, 1981; Tsai and Strieder, 1986). For E -  1, 
as expected, the effective diffusivity in the bulk diffusion re- 
gime approached the analytically predicted value of the self- 
diffusion coefficient of the gas in the absence of the porous 
medium. For all directionalities, the tortuosity factor increased 
from the bulk to the Knudsen diffusion regime. This was also 
observed for the relative difference between the directional 
diffusivities (along the principal axes of diffusion) of the uni- 
directional and bidirectional anisotropic structures. 

One of the most interesting findings of our study was that 
the effective diffusivity in the transition regime can be satis- 
factorily approximated by the harmonic mean of the corre- 
sponding bulk and Knudsen effective diffusivities (the well- 
known Bosanquet approximation), except parallel to unidi- 
rectional fibers. This conclusion, as well as all other results 
obtained in our study, was found to be valid even when Some 
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arbitrary persistence of velocities bias was introduced into the 
random walk scheme used to compute effective diffusivities. 
A similar conclusion on the validity of the Bosanquet ap- 
proximation in the more general context of multicomponent 
diffusion and convection was reached by Sotirchos (1989) for 
pore structures consisting o f  networks of cylindrical capillaries. 
Specifically, it was found that the three-parameter dusty-gas 
model-which employs the bulk tortuosity, Knudsen tortuos- 
ity, and permeability of the porous medium as parameters and 
reduces to the Bosanquet approximation for single species dif- 
fusion (self-diffusion or tracer diffusion) under isobaric con- 
ditions-yields almost identical results to those obtained when 
the dusty-gas model flux relation written for a cylindrical pore 
is averaged over the pore-size distribution. Therefore, although 
they were obtained from self-diffusion simulations, the bulk 
and Knudsen tortuosity values in this study are applicable to 
the general problem of multicomponent diffusion, provided 
that a flux model that uses bulk and Knudsen tortuosities 
(scalars or tensors), like the dusty-gas model, is used to describe 
the diffusion process. 

Acknowledgment 
Acknowledgment is made to the Donors of the Petroleum Research 

Fund administered by the American Chemical Society for support of 
this research. We also thank the Pittsburgh Supercomputing Center 
for providing supercomputer time for the computations reported here. 

Notation 
- a = side of the cubic unit cell, m 
d = mean intercept length ( d =  4619, m 
D = diffusivity, m2/s 
D, = effective diffusivity, m2/_s - 
Kn_ = Knudsen number, Kn = h/d 

I = overall mean free path, m 
r = fiber radius, m 
s = travel distance, m 
s = internal surface area, m2/m3 
5 = mean thermal speed of the molecules, m/s 

Greek letters 
a = parameter in Eq. 13 
c = porosity 
- r )  = tortuosity factor 
h = continuum mean free path, m 

(12 )  = mean square displacement, m2 
T = travel time, s 

Subscripts 
j ,  x ,  Y ,  z = direction of diffusional flow 

Superscripts 
b = bulk diffusion regime 
K = Knudsen diffusion regime 
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